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Abstract: Supercontinuum (SC) generation via femtosecond pumping in all-normal dis-
persion (ANDi) fiber is predicted to offer completely coherent broadening mechanisms,
potentially allowing for substantially reduced noise levels in comparison to those obtained
when operating in the anomalous dispersion regime. However, previous studies of SC
noise typically treat only the quantum noise, typically in the form of one-photon-per-
mode noise, and do not consider other technical noise contributions, such as the stability
of the pump laser, which become important when the broadeningmechanism itself is co-
herent. In this work, we discuss the influence of amplitude and pulse length noise of the
pump laser, both added separately and combined. We show that for a typicalmode-locked
laser, in which the peak power and pulse duration are anti-correlated, their combined im-
pact on the SC noise is generally smaller than in isolation. This means that the supercon-
tinuum noise is smaller than the noise of the mode-locked pump laser itself, a fact that
was recently observed in experiments, but not explained. Our detailed numerical analysis
shows that the coherence of ANDi SC generation is considerably reduced on the spectral
edges when realistic pump laser noise levels are taken into account.
1 Introduction
Highly nonlinear photonic crystal fibers (PCFs) having all-normal-dispersion (ANDi) have
only recently emerged as attractive fibers to generate low-noise, octave-spanning super-
continua (SC) [1-4]. This is due to the fact that these PCFs are difficult to fabricate (e.g,
requiring submicron holes), and that broadband low-noise ANDi SC generation requires
high peak power femtosecond (fs) lasers. It has been shown that low-noise ANDi SC gen-
eration cannot be achieved using long pulses because the Raman effect is just as noisy
as modulation instability [5]. Despite these obstacles, fs-pumped ANDi SC generation
has received significant attention because of its ability to generate temporally coherent
SC pulses; a feature that is unachievable in the anomalous dispersion regime. This gives
such systems potential in a range of fields including optical coherence tomography (OCT),
optical metrology, photo-acoustic imaging, and spectroscopy [6-11].
The reason for this high coherence comes from the coherent spectral broadeningmech-
anisms of self-phase modulation (SPM) and optical wave-breaking (OWB) [12, 13]. In fs-
pumped ANDi SC generation these mechanisms are considerably more efficient than the
incoherent nonlinear effects of noise-seeded modulation instability and stimulated Ra-
man scattering [1], allowing for octave spanning SC generation in which these incoherent
effects are suppressed for sufficiently short fiber lengths and input pulse durations [12, 14].
Several theoretical studies about SC coherence have been reported in anomalous dis-
persion fiber, covering pulse durations from fs up to continuous wave, and including sev-
eral kinds of noise, such as one-photon-per-mode (OPM) quantum noise added as pure
phase noise in the frequency domain, Wigner-representation based quantum noise added
in the time domain as amplitude and phase noise, Raman noise, and polarization noise
[15-26]. This is not the case for theoretical studies of ANDi SC generation, which have
mostly considered only the OPM noise [1, 12, 20], except for a recent work of Gonzalo et
al. [14], in which relative intensity noise (RIN) was experimentally and numerically com-
pared, for ANDi SC generation with 170 fs pump pulses. In this study, it was found that
OPMnoise was too weak to describe the experimentally observed noise, whereas adding 1
% amplitude fluctuations of the laser gave better agreement with the experimental results.
1
This important result underlines that while pump laser noise traditionally has contributed
little to the noise levels in incoherently broadened anomalous dispersion fiber SC genera-
tion [20, 27], it is extremely important in coherently broadened ANDi SC generation.
Unfortunately Gonzalo et al. just brieflymentioned the effect of pure amplitude noise
of the pump laser for one specific pulse duration and fiber length and no specific sim-
ulation including the amplitude noise was shown and no general study conducted [14].
In this work, we therefore present a comprehensive study of the influence of the noise
of a mode-locked pump laser on the coherence and RIN of the SC spectrum generated
in an ANDi fiber. We focus on single polarization SC generation because it allows us to
more clearly demonstrate the impact of technical laser noise. In particular we consider
both fluctuations in the amplitude and pulse length, which typically are anti-correlated
in a mode-locked laser. We show both numerically and analytically that combined their
impact on the SC noise is generally smaller than in isolation, which explains that the SC
noise generally is smaller than the noise of the pump laser itself, as was observed recently
[30].
These results show that the limits for high coherence, in terms of pulse duration and
fiber length, suggested inprevious publications, change substantiallywhen technical pump
laser noise is included. Indeed, we find that while a high coherence can bemaintained for
a pulse duration below 1.2 ps in a system without technical pump laser noise and only
with one polarization [12], a pulse duration of ∼ 50 fs will begin to lose coherence even
when a relatively low noise pump laser is properly described.
2 Numerical model and noise sources
In the numerical study we use a single-polarization scalar model in the form of the stan-
dard generalized nonlinear Schrödinger equation to model the propagation of the enve-
lope function A = A (z,T ), with initial condition A (0, t)=pP0sech(t/T0), in a highly non-
linear singlemode optical fiber. This includes dispersion (described by a Taylor expansion
up to β10), spectrally dependent linear loss α(ω) and the nonlinear response of the mate-
rial as well as the dispersion of the nonlinearity and the Raman response, R (T ) [20]:
∂A
∂z
=−α(ω)
2
A+
∑
k≥2
i k+1
k!
βk
∂k A
∂T k
+ iγ
(
1+ iτ0
∂
∂T
)(
A
∫+∞
−∞
R(T ′)|A(z,T −T ′)|2dT ′
)
, (1)
where γ is the nonlinear coefficient and τ0 = 1/ω0 represents the characteristic time scale
of self-steepening [20]. The Raman response is modelled using the real experimentally
measured Raman gain profile as described in [28].
In this study we consider two sources of noise. The first is the well-known quantum
noise δQN, modelled semi-classically as the standard OPM noise, which is added to the
initial condition in the Fourier domain as one photon of energy ×ωm and random phase
Φm in each spectral bin with angular frequency ωm and bin size ∆Ω [26]. The OPM noise
is in the frequency domain given by δQN =
√
hωm/∆Ωexp(i2piΦm), where h is Planck’s
constant and Φm is a random number Gaussian distributed in the interval [0,1]. In our
simulations we used 215 points and thus m∈[1,215].
The second noise source is the laser amplitude fluctuations described by δAN = Ψ,
where Ψ is a single random value for each input pulse, extracted from a Gaussian dis-
tribution with a unit mean and a standard deviation equal to the rms amplitude noise
of the modelled laser, given by the manufacturer of the laser. In this paper, we will con-
sider a range of rms amplitude noises going from 0.1% to 2% (0.2% representing a Onefive
Origami 10 fs laser and 1% a Fianium fs laser, both fromNKT Photonics).
To correctly consider the effects of laser amplitude fluctuations on the SC, it is impor-
tant to take into account any correlated fluctuations of the pulse duration, which occur in
amode-locked laser. This is important to model, as pulse duration fluctuations will subtly
affect the efficiency of SPM, and thus the output spectral shape and width. To estimate
the correlation of the fluctuations, we use the deterministic correlation between average
power and spectral bandwidth experimentally measured in an Origami 10 fs mode-locked
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Fig 1. (a) Measured (dashed blue) and modelled (solid black) dispersion profile, and fiber
losses (solid red) of the NL-1050-NE-PM ANDi PCF. (b) Numerical SC spectra generated in
1m of ANDi fiber with a 1054 nmpump with an average peak power and pulse duration of
P0=100kWand T0=50 fs, respectively. An amplitude noise of 0.5%was used, corresponding
to a pulse duration noise of 0.4%.
laser. Assuming a fixed repetition rate and a state of anomalous dispersion soliton mode-
locking, producing approximately transform-limited sech-shaped pulses, we then find the
linearized relation between peak power and pulse length. Assuming then that this relation
holds during the fluctuations we obtain the following relationship:
δT0 =−0.8∗ (δAN−1) , (2)
where δT0 is a Gaussian distribution centered in 0 having a standard deviation equal to
0.8 times δAN. The peak power and pulse duration of a mode-locked laser are thus anti-
correlated, which is extremely important for the SC noise, ass we shall see in the following.
We note that the value of 0.8 is specific to the laser considered, but can be generalized for
other kinds of lasers. With both noise terms included our initial condition becomes:
A (0, t)=
√
P0δANsech(t/(T0(1−0.8(δAN −1))))+F−1{δQN}, (3)
where F−1 represents the inverse Fourier transform. Here and in the following the Fourier
transform of a function is denoted by a tilde and defined as
A˜(z,ω)=∫∞−∞ A(z, t)exp(i [ω−ω0]t)d t , whereω0 is the pump angular frequency.
3 Results
As explained above, we want to focus on just the effect of laser technical noise compared
to the conventional OPM noise and therefore use a single-polarization scalar code. This
is still highly accurate for polarization maintaining (PM) fibers, which is why we choose
the specific PM ANDi PCF NL-1050-NE-PM from NKT Photonics. This PCF has a rela-
tive hole size of d/L = 0.45, a small hole-to-hole pitch of 1.44 µm, and a stress-induced
birefringence of 4×10−4. Its classical ANDi dispersion profile, shown in Fig 1(a), was cal-
culated with COMSOL and confirmed experimentally in the region 900-1300 nm using
white light interferometry. The measurements of dispersion were done without control-
ling polarization, which is typically sufficient for stress-induced birefringence that does
not significantly alter the mode profile. As expected, the small holes of the PCF give a con-
finement loss edge significantly below the material loss edge, here found to be at 1450 nm
using COMSOL (see Fig 1(a)). This will significantly influence the long wavelength part of
the intensity and noise profiles, as we will see in the following. The dispersion has a maxi-
mum of -13ps/nm/km at 1040 nm and is rather symmetrical within the low-loss window.
However, we pump just above the maximum dispersion at 1054 nm, because we want to
consider realistic noise values of a specific laser – the Origami 10.
In Fig. 1(b) we show the numerically found SC spectrum out of 1m of ANDi fiber gen-
erated by a pump laser with an average peak power and pulse duration of P0=100kW and
T0=50 fs, respectively, and an amplitude and corresponding anti-correlated pulse dura-
tion noise of 0.5% and 0.4%, respectively. We used an ensemble of 20 simulated pulses
to calculate the mean and standard deviation for each wavelength and show in Fig. 1(b)
the mean and the mean +/- the standard deviation. The results show that with only a
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Fig 2. (a) Average spectral coherence 〈
∣∣g12∣∣〉 of SC pulses generated with P0=100 kW peak
power pump pulses as a function of pump pulse duration T0 and propagation distance for
an amplitude noise value of 0.3 % (pulse duration noise 0.24%). The dotted line indicates
the limit 〈
∣∣g12∣∣〉=0.9. (b) Limit 〈∣∣g12∣∣〉=0.9 for a range of amplitude noise values from 0.1-1
% (pulse duration noise 0.08-0.8%).
small pump laser amplitude noise of 0.5%, fluctuations in the SC spectrum are already
noticeable. The calculations were repeated with 40 and 80 pulses in the ensemble and no
noticeable change was found, which means that the statistics can be trusted.
In ANDi SC generation, it has been shown that the pulse duration, fiber length, and
peak power have a critical influence on the noise properties [12, 14], e.g., the anticipated
coherent spectra are only obtained for sufficiently short pulse durations and fiber lengths.
To see the effect of pump laser amplitude noise on the coherence and the requirements on
the fiber length and pulse parameters, we simulate a wide parameter space and calculate
for each case the spectrally averaged coherence given by [12, 20]:
|g12(ω)| =
∣∣∣∣∣∣∣∣∣
〈
A˜∗
i
(ω)A˜ j (ω)
〉
i 6= j√〈∣∣A˜i (ω)∣∣2〉〈∣∣A˜ j (ω)∣∣2〉
∣∣∣∣∣∣∣∣∣
,
〈∣∣g12∣∣〉=
∫∞
0
∣∣g12(ω)∣∣〈∣∣A˜i (ω)∣∣2〉dω∫∞
0
〈∣∣A˜i (ω)∣∣2〉dω (4)
where A˜i (ω)= A˜i (z,ω), 〈A˜i (ω)〉 denotes an ensemble average, and subscripts (i , j )∈ [1,20]
runs over the ensemble. This gives a single number characterizing the coherence for each
set of parameters. In Fig. 2(a) we plot the colour coded spectrally averaged coherence
〈
∣∣g12∣∣〉 versus the pulse duration and fiber length, for a fixed weak amplitude noise of
0.3% (giving an anti-correlated pulse duration noise of 0.24%). As is typical of ANDi-SC
sources, the coherence decreases when either the pulse duration or fiber length is in-
creased [12, 14]. However, unlike earlier single-polarization studies without amplitude
noise, we observe in Fig 2(a) a considerably limited range of parameters where the noise is
low, defined as when the spectrally averaged coherence 〈
∣∣g12∣∣〉 is higher than 0.9 (dashed
line in Fig. 2(a)). In particular, good coherence is seen to require pulse durations below
100 fs, which is an order of magnitude shorter than the corresponding limit found without
this even weak laser amplitude noise of 0.3% [12, 14].
In Fig. 2(b) we show the low noise limit 〈
∣∣g12∣∣〉 = 0.9 for amplitude noise levels between
0.1-1 % (pulse duration noise from 0.08 to 0.8%). From Fig. 2(b) we see that for amplitude
noise levels higher than 1% an average coherence of 0.9 cannot be obtained for any rea-
sonable fiber length. From this, we can see clearly the dramatically limiting effect that
the addition of standard laser noise levels has on the coherence parameter space. Signifi-
cantly, Fig. 2(b) does not show a contour line for the case when only OPM noise is present
because there is no loss of coherence observable until pulse durations as long as 1.2 ps, as
also shown by Heidt et al. [12].
It is interesting to look into the specific spectral structure of the ANDi noise. To do so
we consider the experimentally more relevant RIN, which is typically used to characterize
the noise of an SC source. The frequency-dependent profile, RIN(ω), is defined as [14]:
RIN(ω)=
√〈(∣∣A˜(ω)∣∣2−〈∣∣A˜(ω)∣∣2〉)2〉/〈∣∣A˜(ω)∣∣2〉 . (5)
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Fig 3. (a) RIN profiles for different amplitude noise values and mean spectral profile out
of 1 m of ANDi fiber pumped with 100 kW peak power, 50 fs long pulses at 1054 nm. (b)
Evolution of the RIN along the fiber length for an amplitude noise value of 0.5% (pulse
duration noise 0.4%). NB: The color map has a dynamic range limited to a RIN equal to
0.5%, meaning RIN data is only visible for wavelengths 800-1430 nm.
Figure 3(a) shows the mean of the intensity spectrum and the RIN(ω) of an SC generated
with 100kW, 50fs pulses at 1054nm for a reasonably long fiber length of 1m for pump laser
amplitude noise levels of 0.1, 0.5, and 1.0%. We again used 20 pulses in the ensemble.
We see that in all cases the RIN is low for the majority of the bandwidth, but increases
strongly at the edges as expected. Two things are interesting to note: First, for the weaker
amplitude noise levels of 0.1 and 0.5%, the RIN at the red edge is significantly lower than
the RIN at the corresponding blue edge (e.g., the 0.6 intensity level for 0.5% noise). This is
because the loss at the red edge is much higher than at the blue edge due to the strongly
increasing confinement loss at 1450 nm. Indeed, if we omit fiber losses from our model,
we find similar RIN values at the two spectral edges. We note that the impact of the long-
wavelength loss edge was studied previously in conventional anomalous dispersion SC
generation, in which it was also found to reduce the noise, here by suppressing roguewave
generation [29].
Secondly we see in Fig. 3(a) a signature of peaks in the spectrum being correlated with
peaks in the RIN profile. This correlation becomes evenmore pronounced at shorter fiber
lengths where SPM is dominating, and generates a periodic spectrum and RIN profile, as
is visible in the initial 20 cm of the propagation shown in Fig. 3(b), which is a colormap of
the spectral RIN evolution as a function of the fiber length. We note that while the average
RIN increases during the propagation, the spectrally resolved RIN in the central region of
the spectrum decreases with the propagation, with the higher RIN quotients being pushed
to the edges of the spectrum.
In Fig. 4(a) we show themean spectrum and the RIN profile after 10 cm of propagation
and draw vertical lines from the peaks in the RIN profile to the corresponding point in the
mean spectrum (OPM noise was removed for better clarity). The correlation is very clear
here as a closely matched periodicity and it appears that when SPM is dominating the in-
fluence of amplitude and pulse duration noise is to generate strong RIN peaks close to the
fringes with maximum slope in the spectrum. We again used 20 pulses in the ensemble
and the calculations were repeated with 40 and 80 pulses in the ensemble, which revealed
no noticeable change. This means that the RIN statistics is converged and can be trusted.
A very interesting and counter-intuitive fact seen in Figs. 3(a) and 4(a) is that across
the bandwidth, away from the edges, the noise level of the generated ANDi SC is lower
than the laser amplitude noise imposed on the initial condition. This has in fact also been
observed experimentally in a recent work on ANDi SC generation with a 1550 nm mode-
locked laser [30], but never explained. To explain it we need to look deeper into the SPM-
based SC generation and the effects of the anti-correlated amplitude and pulse duration
noise separately and together.
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Fig 4.(a) RIN profile (blue line) and mean spectrum (red line) of an ensemble of 20 pulses
after 10 cm of fiber with 100 kW peak power, 50 fs pulse duration at 1054 nm for an ampli-
tude noise value of 0.5 % (pulse duration noise of 0.4%). (b) RIN spectrum as a function of
the input noise : OPM only (black line), amplitude noise plus OPM noise (red line), pulse
duration noise plus OPM (pink line) and amplitude noise plus pulse duration noise and
OPM (blue line).
Let us consider the exact solution for SPM, which with our initial condition is given
by A(z, t) = pP0sech(t/T0)exp(iγP0sech2(t/T0)z). Expanding the sech2 function in the
exponent around its maximum derivative, which corresponds to the maximum frequency
shift, one findsφ(x)= sech2(x)≈φ0+φ1(x−x0)+φ2(x−x0)2, where x0 = 0.66, φ1 =−0.77,
and φ2 = 0. This gives the Fourier transform
|A˜(ω)|2 =P0T 20
∣∣∣∣
∫+∞
0
sech(x)
(
ei(ω−ω0+∆ω)T0x +e−i(ω−ω0+∆ω)T0x
)
d x
∣∣∣∣2 , (6)
where the frequency shift is given by ∆ω =−0.77γP0z/T0. This expression can be used to
study the RIN due to amplitude and pulse duration noise, which is basically how much
|A˜(ω)|2 changes under a change in P0 and/or T0.
First of all we see that the frequency shift increases with increasing peak power and/or
decreasing pulse duration, as is well-known. Thus an increasing (decreasing) peak power
and correlated decreasing (increasing) pulse duration will act together on the frequency
shift and lead to a strongly increasing (decreasing) frequency shift. This will in itself lead
to a periodic change in the spectral intensity |A˜(ω)|2 and thus a periodic RIN.
Let us now look at two simple special cases: (1) At the input z = 0 the frequency shift
is zero and the solution becomes |A˜(ω)|2 =pi2P0T 20 sech.2(piT0[ω−ω0]/2). Since T0 will de-
crease when P0 increases (and vice versa) according to Eq. (2), we see that at the center
frequency the amplitude and anti-correlated pulse duration noise act against each other,
i.e., they will tend to eliminate each other. (2) If we consider sufficiently large propagation
distances, so that the frequency shift ∆ω is large, then we can neglect the first (second)
exponential in Eq. (6) when ω ≈ ω0 +∆ω (ω ≈ ω0 −∆ω), because the exponential will
be rapidly oscillating. In other words, the two outer slopes in the SPM spectrum can be
treated in isolation. In this case the approximate solution for the long wavelength SPM
slope is |A˜(ω)|2 = (pi2/4)P0T 20 sech.2(piT0[ω−ω0+∆ω]/2). At the peak we therefore see that
again the amplitude and anti-correlated pulse duration will act oppositely and tend to
cancel each other. The fact that the RIN is lower than the pump laser amplitude noise is
thus to be expected from theory and due to the anti-correlated pulse duration noise.
Finally, Fig. 4(b) compares the impact of the different noise sources including OPM,
pulse duration and amplitude noise, on the RIN spectrum. We clearly see when all the
noise sources are included (blue curve) the RIN level is lower than in isolation (red and
pink curves), expect for OPM noise (black curve).
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4 Conclusion
We have presented a detailed numerical study of the impact of pump laser amplitude
noise on the coherence of the SC generated in ANDi PCFs with femtosecond high peak
power mode-locked pump lasers. In particular, we have shown that considering nomi-
nal values of amplitude noise drastically affects the SC coherence on the spectral edges.
Indeed, when only one-photon-per-mode quantum noise is taken into account, the co-
herence first starts to degrade for pulse durations above 1.2 ps, while if a weak pump laser
amplitude noise of 0.5 % is taken into account, the degradation starts already at a pulse
duration of ∼ 50 fs.
We have looked into the specific spectral profile of the RIN of a typical low-noise ANDi
SC (50 fs pulse duration, 100 kW peak power) and found that it is strongly increasing to-
wards the spectral edges of the SC, as expected, but much less so on the red edge than the
blue edge. We found that this is due to the noise suppression effect of the long wavelength
confinement loss edge of the ANDiPCF, occuring already at 1450 nmdue to the small holes
of the typical ANDi PCF we considered.
In the central part of the low-noise ANDi SC we demonstrated that the peaks in the SC
spectrum are correlated with the peaks in the RIN spectrum and that this correlation is
especially apparent at shorter fiber length where SPM is dominating and the RIN profile is
periodic. In particular, we demonstrated numerically that the SC noise in the central part
is lower than the considered pump laser amplitudenoise and that this is due a competition
between the amplitude and anti-correlated pulse duration noise, which in combination
gives a lower noise than in isolation. We confirmed analytically that this should be so and
that it is due to the anti-correlation of the amplitude and pulse duration of the pump laser.
Our study of the absolute values and finer details of SC noise in ANDi fibers is of sub-
stantial value to potential applications, such as OCT and metrology, which require ultra-
low-noise SC light sources. Indeed, this study constitutes the first in-depth look into the
effect of technical noise sources on the ANDi SC process and provides grounds for further
research to achieve a better understanding of these physically complex processes.
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